We study a terminal state control (reachability) problem for certain elastic systems of "hybrid" type consisting of a single space dimension distributed parameter part coupled, at one endpoint of the relevant spatial, x, interval, to a lumped mass component.
The example discussed here concerns an Euler -Bernoulli beam system "clamped" at x = 0 and attached, at x = L, to a mass with both translational and rotational inertia. In both cases the controls act on the mass, which is modeled by a finite dimensional system of differential equations. Analysis of the reachability problem is facilitated by a preliminary "feedback type" transformation of the control variable which decouples the point mass from the distributed system. A concluding analysis shows that the component of the control generated by feedback lies in the same space as the originally applied control. Control systems are generally designated as hybrid when they involve coupling between an infinite dimensional system, whose states are typically functions of a spatial variable x and a time variable t, and a second, finite dimensional, system, the control usually applying directly to the second.
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Example: Elastic Beam with Attached Rigid Body
Euler -Bernoulli equations for a prismatic elastic beam:
(1.1)
Clamped at x = 0, corresponding to boundary conditions
Beam is free at x = L but attached to a rigid body with mass M and moment of inertia µ. We have the boundary conditions
with equations of motion for the controlled rigid body:
(1.4) u(t) a transverse force, v(t) a torque, applied to the rigid body at x = L.
Feedback approach: set
(uncoupled from beam) (1.5)
Integrating with z(0) = z (0) = θ(0) = θ (0) = 0:
the boundary conditions x = 0 are retained (with y replaced by w) and the conditions at x = L are replaced by
With these boundary conditions we have the transformed beam equations
We are ready now to pose the control problem. For an arbitrary
transferring the uncoupled system (1.5), (1.11), from the zero state to a terminal state 13) lying in an appropriate "reachable subspace", yet to be identified.
Because the 'w' PDE and the rigid body equations are not coupled we can use the familiar eigenfunctions φ k (x) associated with the eigenvalues λ k = α 4 k of the fourth derivative operator, with "clamped" boundary conditions on each end, to write
in (1.11), we obtain the initial value problems,for k = 1, 2, 3, ... ,
(1.14) Integrating, we have
Let T > 0 and let the desired terminal state at t = T be
There results the moment problem, with uniformly boundedĝ k ,g k ,
We first note that the last two equations can be solved with g(r) = g 0 + g 1 r for appropriate g 0 and g 1 . Then, for the moment problem in f (r) consisting of the first three equations, we cite results of Ingham, Komornik and Loreti, and others, allow us to conclude that there is a
Thus we have proved
Theorem 1
The "reachability" control problem for the hybrid beam system is solvable for 4 . In terms of the y variable the reachable states are
Remark In proving the theorem g(t) is used only to satisfy the endpoint mass rotation requirements; we have relied on f (t) to carry the "main burden" of control via satisfaction of the moment equations. These roles can be reversed, using f (t) only to satisfy the lateral displacement requirements for the endpoint mass and using g(t) to satisfy the moment equations. This results in a modified characterization of the reachable states: w(·, T ) should lie in the domain of D 4 and
4 . In that sense the control f (t) is "stronger" than the control g(t).
Characterization of the original "exogenous" controls u(t) and v(t) requires expression of
∂x 2 (L, t) and
∂x 3 (L, t) in terms of f (t) and g(t). To that end we use the Laplace transform, taken with respect to the t variable. Using y(x, 0) ≡
The applicable boundary conditions are noŵ
Long, but elementary, computations give two equations
.
Let R be a straight line in the s plane, parallel to the imaginary axis, and at a distance r to the right and letR be the image of R in the σ plane. Points on R have radial and angular coordinates √ r 2 + y 2 and ± π 2 − sin −1 r/ √ r 2 + y 2 , respectively. The radial and angular coordinates of points onR are, approximately as ρ → ∞,
With the + sign the curveR tends asymptotically to the line arg(σ) = π 4 as y → ∞, the separation being O 1/ |σ| 2 ; with the -sign the asymptotic line is arg(σ) = − π 4 . The fractions in the formulae for the A k j (σ), k, j = 1, 2, grow like |σ| onR due to the poles, with residues bounded and bounded away from zero, of A k j (σ) on the corresponding asymptotic lines arg σ = ± π 4 . The situation for A 2 1 (σ) is illustrated in Figure 1 where the dark curve is the graph of the absolute value of that function on the curveR. Then the term − 
